Ah&act-The interaction of radiation with convection in an absorbing and emitting boundary layer is investigated by means of the integral method. Laminar flow of a nongray constant fluid over a gray, diffuse, isothermal flat plate is considered for small temperature differences. Second order analyses including the explicit effect of radiation on temperature profiles are carried out for optically thin and optically thick boundary layers. Closed form solutions are obtained for the Nusselt number, and plots are presented to illustrate the effect of optical thickness on temperature profiles and the Nusselt number.
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INTRODUCTION
RECENT advances in heat transfer research now provide the boundary layer studies including radiation effects demanded by the increased importance of space technology. Among many problems, heat transfer to an absorbing medium in a laminar boundary layer over an isothermal black plate has been investigated by a number of authors. Cess [l] studied the optically thin boundary layer in a constant property gray and simplified non-gray gas; a solution valid outside the conduction boundary layer was obtained in terms of a much thicker radiation boundary layer, and another solution was found inside the conduction layer ; numerical methods were used. Oliver and McFadden [2] investigated a gray perfect gas having temperature dependent viscosity and thermal conductivity flowing over a black surface ; the solution procedure was numerical and iterative, and was restricted to fairly small optical thicknesses.
Zamuraev [3] studied thin and intermediate boundary layers over a black plate, accounting for radiant flux at the outer edge of the conduction boundary layer; a numerical solution was obtained by the finite difference method. Viskanta and Grosh [4] investigated an optically thick gray gas flowing over a black wedge ; an effective thermal conductivity was defined to include both conduction and radiation, and the wall effect was accounted for by assuming a step change in effective conductivity near the wall: the solution was obtained by numerical integration. Novotny and Yang [5] considered a gray, constant property thick gas using the method of matched asymptotic expansions; it was concluded that the use of the thick gas approximation throughout the entire flow field gives the correct result for the total heat flux but an incorrect value for the temperature gradient at the wall, and consequently for the individual conductive and radiant fluxes.
Taitel and Hartnett [6] studied the case of specified heat flux, obtaining an approximate solution for the optically thin boundary layer, a similarity solution for the optically thick limit, and a finite difference solution for intermediate thicknesses ; the finite difference solution, however, could not be made to approach the thick gas solution for large optical thicknesses, as the system of equations became unstable. Arpaci [7] applied the integral method to natural convection from a heated vertical plate, and in the same work developed a thick gas model including the wall effect ; the temperature profiles employed were those proposed by Squire for the same problem in the absence of radiation (see e.g. Howarth [8] ), and thus the effect of radiation was confined to the modification of the boundary layer thickness.
In this paper the integral method is applied to laminar forced boundary layer flow of a nongray, constant property gas over a gray, diffuse, isothermal flat plate. Recalling that first order profiles give unsatisfactory quantitative results for forced convective boundary layers, second order profiles are considered. Radiation explicitly affects the shape of the temperature profiles selected as well as the boundary-layer thickness. The present study offers two major advantages over those used previously for forced convection. First, closed form solutions are obtained for both thin and thick boundary layers, and second, a first order departure from the limiting thick gas solution is considered, including the effect of gray walls. Therefore it becomes possible, by the use of the thin and modified thick gas approximations, to interpret the gas domains from transport to opaque and from cold to hot.
FORMULATION
Consider a constant property fluid flowing over an infinite flat plate. The flow is laminar, the wall temperature T, is maintained constant, and at points far from the plate the fluid velocity and temperature have the uniform values U, and T,, respectively. Assuming that radiation and conduction in the x (longitudinal) direction are negligible compared to convection, the integral formulation of the problem is given by
0
Neglecting the small contributions of radiation to pressure and internal energy, its effect is taken into account in the heat flux expression, where q = qc 't qR,
qc= -#l$z ay '
and for a semi-infinite expanse of a nonscattering gas having a temperature independent monochromatic absorption coefficient c(, bounded by a gray diffuse wall with emissivity t; and reflectivity pW = 1 -c, [ B,dv = oT4, and E,(t) the integro-exponential function of order n, defined as j CL"-' e-'lr dp.
Clearly, the foregoing eqeations for the radiant heat flux are difficult to use because of the complicated nature of a,,(v) for real gases. For this reason, and also to obtain results of a general nature rather than those restricted to a single gas, the gray gas approximation (a,, = constant) has been applied in the past to problems involving gaseous radiation. However, only in the two limiting cases a,L + 0 (thin gas) and a,L + m (thick gas) for all v, where L denotes a characteristic length, can overall mean absorption coefficients (Planck and Rosseland means, respectively) be defined to correctly account for radiation, and these may differ by orders of magnitude. Yet it is well known from the data available on gases with significant radiation properties (such as carbon dioxide, water vapor and many others) that the optical thickness of the absorbing bands may range from thin to thick, and often assumes intermediate values for which these approximations are not valid. The present work is aimed at improving understanding of this important intermediate optical thickness range by interpolating between thin gas and improved thick gas solutions.
In order to have a simple approach of general significance and yet to represent the absorption spectrum better than the gray gas approximation, the spectrum is assumed equivalent to a number of bands of arbitrary width and spacing but all of the same height c(@ The model thus accounts for the windows in the absorption spectra of real gases, and the averaged height c(,, need account only for strongly absorbing bands. Using this approximation to remove the integro-exponential function from the integration over v, and recognizing that by the definition of the Planck mean, ap, and modified Planck mean, aM, coefficients
the integration of equations (5) and (6) Assuming a, to be independent of temperature, it follows from equations (7) and (8) that a&T, TJ = a&T,), (11) and for a real gas in a limited temperature region the Planck mean coefficient can often be approximated as
where m depends on the gas and temperature range. For example, for water vapor between between about 1OOO"R and 25OO"R, m = -2 (see [9] ). Equations (9) and (10) (13) represents energy emitted by the wall in bands in which the gas is transparent, and consequently this energy simply passes through the gas until it strikes a bounding surface. In turn, this bounding surface emits and reflects energy back to the wall. However, for the problem being considered here this wall to wall radiant transfer is completely independent of the wall to gas heat transfer, and may consequently be neglected in the following. It is interesting to note that although the study by Gilles et al. [lo] differs considerably from the present one, essentially the same result is obtained for the radiant heat flux.
SELECTION OF TEMPERATURE PROFILES
Because of the fundamental difference between radiation and conduction, a temperature profile that gives a reasonably accurate result for a transparent gas may not be suitable to an absorbing gas. Consequently careful attention must be paid to profile selection. Clearly, absorption of the major portion of radiation emitted and reflected from the wall in the absorbing bands of the gas occurs in a layer of (transversal) thickness y such that cry w 1, so there is always a layer of at least this thickness in which radiant transfer is important. However, since radiant heat transfer cannot force the gas temperature at the wall to equal the wall temperature, a conduction boundary layer also exists. The thickness and temperature of this layer are, of course, affected by radiation, but conduction plays the major role.
Depending upon the size of the governing parameters, the optical thickness, r0 E a,d, of the conduction boundary layer (of thickness d) varies as 0 < r0 < co. When z0 e 1 the temperature outside the conduction layer may be determined by solving the governing differential equation ignoring conduction, while the temperature inside the conduction layer is affected by both radiation and conduction. When r. % 1, the radiation wall effect is confined to a small fraction of the conduction layer. Away from the wall the rapid decay of .the G integroexponential functions makes the radiant transfer essentially dependent on local conditions alone, and thus similar to a diffusion process (Rosseland gas). When r. = o(l), both radiation and conduction affect about the same region, so the foregoing simplifications are no longer valid.
The simplest temperature profile that represents the physics, often referred to as the firstorder profile, satisfies the following three conditions :
It is well known, however, that for forced convection problems excluding radiation a parabolic profile based on these three conditions, although qualitatively valid, is quantitatively inadequate. At least two methods of improving this profile are commonly employed. One is based on satisfying the differential form of the energy equation and/or its derivatives at one or the other boundary. The second is to satisfy moments of this equation. Since it is not only known to provide a sufficiently accurate answer in the non-radiating case but is also algebraically simpler, the former method is applied here. Specifically, since two of the above conditions apply at y = A, the additional condition is obtained by satisfying the differential form of the energy equation at the wall. This gives g!? =dqR. For the transparent gas, (a2T/8y2) I,+ is zero. As the absorption becomes noticeable, (8' Tiay2) I,,, increases correspondingly, bringing in the first order effect of radiation on the temperature distribution. This effect is adequately described by the cubic profile. As absorption continues to increase, the wall effect forces the temperature to take on a rapid change in slope very near the wall, a change the cubic profile is unable to produce. In this case equation (15) may be assumed to hold not only at the wall, but in the neighborhood of the wall, provided y/A 4 1. Outside of this region the cubic profile is still adequate.
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THIN GAS ANALYSIS
Approximation of the radiant heat flux
The problem may be made mathematically tractable by approximating the radiant heat flux. First, the radiant flux to the boundary layer obtained from equation (13) 
qR I$ = 2aa,(T,) T$ [E,(a,,A) -iI
X
04+%') E,(x,y') dy'
0 may be simplified for small values of r0 in the usual manner by noting that
E,(T,) = 3 -to + o(T;), E,(Q) = 1 + CC,,), [%,)dt
= O(6), and assuming that 
Furthermore, assuming that
~Q4+"Yyf)E2(aoy')aOdyi= f3~"'~E2(aoy'~aody', 0 ~84tm(y')El/ao(y'-y)IaOdy'
equation (14) becomes
Within the boundary layer E,(a,y) "N 1, and the expression developed by Cess [l] for this region is a special case of equation (21) for m = 0. A two-region study seems convenient for the thin gas analysis.
Region 1. (y > A). In this region conduction is neglected. When P < 1, which is usually true for gases and is assumed to be the case here, the thermal boundary layer A is thicker than the hydrodynamic boundary layer 6. Therefore, u = u,, v = 0, and the differential formulation of the problem becomes -~(1 -e4,'V2(aoy)]. (25) where
For small values of z,, the product z,E,(z,) approaches zero, so ae,(A)/ay 4 ~$9~ and is therefore neglected. After solving for the constants, the temperature profile becomes 
For small values of zi/B,,,, assume that r(x) can be expanded as
and assume that t1 is constant as well as to. Carrying out the differentiation, neglecting terms of higher order than @,,,, and noting that which demonstrates the validity of the assumption of a constant t1 in equation (43). Finally, the effect of radiation on heat transfer is considered in terms of the Nusselt number. From the definition of the Nusselt number, N, = hxlk = (4"lw + qRI,)xlk(T, -T,),
where q'(,,, is given by equation (39) and
The results are plotted and discussed in section VI.
THICK GAS ANALYSIS
Approximation of the radiant heat flux
The diffusion or Rosseland approximation to the radiant heat flux, obtained by expanding the emissive power in a Taylor series about a point and neglecting higher order terms, has long been recognized to be a valid approximation in an optically thick medium far from boundaries. The result for the radiant heat flux is Applying the same procedure to the absorption spectrum used here, the radiant heat flux far from boundaries is found to be
It follows from (49) and (51) 
where it has been assumed that the temperature dependence of aR can be apprOXiIIMkd as
OIRtT) = (T/Tw)"aR(c).
(53)
It follows from (52) that a0 is constant only if m + n = 0. However, for 8 x 1, a0 is approximately constant despite nonzero m + n (For 8 = 1 and M = 0, equation (52) is identical to the results of [lo] ). Arpaci and Larsen [12] recently extended the thick gas approximation to include the wall region. Applying their method to the present problem gives
a,(T,) C qR(y) = -5
a;
Approximating the integro-exponential functions by exponentials,
the radiant heat flux becomes 
substituting qR from equation (55), linearizing the temperature difference, and rearranging, equation ( 
Inserting equation (65) and (67) into (64) yields
Defining an effective thermal conductivity, k, E k(1 + 4/39',), to account for both radiation and conduction and an effective Prandtl number based on k,, P, E ,uC,/k,, and noting that equation (68) corresponds to the nonabsorbing case except for the replacement of P by P,, the solution is seen to be independent of r0 and is given by l/l = l/2 + 4(13/35P, -3/20).
The Nusselt number, however, depends on rO, and is given by N, = This yields, after dividing through by R$,
+&_-iJl~
(70)(71)
RESULTS AND DISCUSSION
Due to the number of parameters involved, a complete parametric study of the problem would be rather space consuming [7] , as might be expected. They are also qualitatively quite similar to the results of Viskanta [13] for flow in a parallel plate channel, which apply to all optical thicknesses. An examination of Viskanta's results tends to support the use of an interpolation between the thin and thick gas solutions as a reasonable method of estimating the heat transfer when no solution valid in the intermediate region of optical thicknesses is available. In Fig. 6 the results of the present thin gas analysis, restricted here to the gray gas case, are compared with the gray gas results of Cess in [l] . The results of Cess are presented only for P = 1, while the assumption made in the integral analysis that A 2 6 is valid only for P < 13/14. This slight difference in Prandtl numbers results in a slight discrepancy between the non-radiating solutions, but the effect of absorption of radiation upon the two solutions appears to be very similar.
The behavior of the thick gas solution as r. is decreased has not been considered in previous works except for [7] 
where TI and T, represent the temperatures in the inner and outer regions, respectively. Novotny and Yang [5] have already shown the special case of the same relation for E = 1 by the use of matched asymptotic expansions. Figure 3 , for 6 = 1 illustrates the change in temperature profiles as a function of ~~~ Figure  4 , for 6 = 0.1, illustrates the severe change in the slope of the temperature profiles near the wall. Figure 5 shows the region close to the wall in detail. It should be noted, however, that the expression used for the radiant heat flux in the thick gas is based upon a truncated Taylor series expansion, and therefore excessive curvature in the temperature profile reduces the 
